Convergent all-electron multi-reference configuration-interaction (MRCI) calculations are performed for a lithium dimer with Kaufmann's Rydberg basis functions. A comparison of the results of these calculations with those of the effective core potential/core polarization potential (ECP/CPP) method and experimental data reveals the deficiency of the all-electron ab initio method. The deficiency is related to the mere 51.9% attainment of electron correlation for the ground state. The percent attainment of electron correlation for the first excited state is slightly better than that for the ground state, preventing us from obtaining better agreements with experimental data by means of increasing the size of basis sets. The Kaufmann basis functions are then used with the ECP/CPP method to obtain the accurate convergent potential energy curves for the 
Introduction
The modern theory of electronic structure is believed to be sufficient to calculate the potential energy surfaces of excited states, including Rydberg states, with chemical accuracy. Among the various methods designed to obtain the PESs of excited states, the multi-reference configuration-interaction (MRCI) method 1 is known to yield reliable values in most of cases. To obtain the PESs for the Rydberg states, the Rydberg basis functions 2 need to be included in the calculation in addition to the valence basis sets. Kaufmann's Rydberg basis functions were designed for this purpose. 3 Recently, we employed Kaufmann's Rydberg basis functions with the MRCI method to reproduce the potential energy curves (PECs) of HeH. 4 The advantages of using two different methods of locating Rydberg orbitals, either on the atomic nucleus or at the charge center of molecules, were exploited by limiting their application to different ranges of R. Using this method, the difference between the experimental binding energies of the lower Rydberg states obtained by Ketterle 5, 6 and the ab initio results obtained by van Hemert and Peyerimhoff 7 was reduced from a few hundreds of wavenumbers to a few tens of wavenumbers. The substantial improvement in the accuracy allowed us to obtain the quantum defect curves of HeH, characterized by the correct behavior. We obtained several Rydberg series with more than one member, such as the ns (n = 2, 3, and 4), npσ (n = 3, 4), npπ (n = 2, 3, and 4), and ndπ (n = 3, 4) series. We now aim to apply this method to study the valence and Rydberg states of a lithium dimer.
The lithium dimer has drawn enormous attention from experimentalists and theoreticians. Its excited states can be easily accessed experimentally by using single-and twophoton visible dye lasers. It is the smallest bound homonuclear molecule beyond H 2 and may serve as a prototype for testing theoretical methods. The first ab initio calculations of Li 2 were performed by Konowalow et al. 8 Currently, all-electron ab initio calculations are rarely used [9] [10] [11] for this molecule, and most theoretical calculations are performed using the effective core potential (ECP) method.
12, 13 The inclusion of the core polarization in this method is important because Li 2 has a highly polarizable Li 2 + core. The core polarization potential (CPP), developed by Schmidt-Mink et al. and Fuentealba et al., 12, 14 is widely used now. Jasik and Sienkiewicz's work 13 using the ECP/CPP method is known to be the most accurate study on this molecule. Still, their calculation was limited to 25 states, while experiments have been performed for more excited states. There are several issues that cannot be answered definitively from spectroscopic observation alone without further ab initio calculations.
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Because there is no report describing why the theoretical calculations are dominated by the ECP/CPP methods for this molecule, we performed all-electron ab initio calculations augmented with the Kaufmann basis functions and compared the results with those of the ECP/CPP calculations and experimental data, and discussed the deficiencies of the all-electron ab initio method. We then applied the Kaufmann basis method to the ECP/CPP method in order to obtain the convergent PECs. We then applied these PECs to the controversial assignment problems in the experimental data of the 1 Π u states. The MRCI method that is a part of the MOLPRO package 16 was used in the present study for the calculation of PECs. This method combines the multi-configuration selfconsistent field (MCSCF) method of Werner, Meyer and Knowles and the internally contracted self-consistent electron pair theory for the MRCI method. 
All-electron ab initio Calculations
The MRCI method always yields reliable potential energy surfaces of the excited states of molecules. Any failure to obtain the correct PES is most presumably due to deficiencies either in the basis sets or in the choices of the active space and not in the MRCI method. For the calculation of the excited states, Dunning's correlation consistent basis set, 17 aug-cc-pVXZ (AVXZ) with X = T, Q, 5, and 6, is a well-designed set and yields excellent results for the energy calculations of the valence states. For the Rydberg states, the AVXZ basis set is not enough, and Rydberg basis functions need to be added. Usually, home-made Rydberg basis functions are added. In our previous reports, we used the universal Rydberg basis functions devised by Kaufmann. 3 There are two ways of incorporating Rydberg basis functions. One is to locate them on each nucleus, while the other is to locate them at the charge center of a molecule. Rydberg functions used in the former way are known as atomic Rydberg functions, and the ones used in the latter way are known as central Rydberg functions.
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Although complete active space (CAS) has many advantages, 19 incomplete active spaces are used for various reasons in the MCSCF method, which is performed prior to the MRCI calculations. Molecular orbitals that comprise active spaces are described by the irreducible representations of the symmetry group to which the molecules belong. The highest available symmetry group implemented in the MOLPRO package 16 for homonuclear diatomic molecules is the D 2h group, with eight irreducible representations: a g , b 3u , b 2u , b 1g , b 1u , b 2g , b 3g , and a u . For the states correlated to the dissociation products Li(2s) + Li(n = 2, 3, 4) and Li(2p) + Li(2p), only the Σ, Π, Δ, and Φ symmetries appear as shown in Table 1 . We performed two kinds of state-averaging MRCI calculations. One is for the Σ and Δ symmetries, and the other is for the Π and Φ symmetries. For the excited state calculations belonging to the Σ and Δ symmetries up to n = 3, the CAS is given by (7a g , 3b 3u , 3b 2u , 1b 1g , 7b1u, 3b 2g , 3b 2u , 1a u ). With this CAS, we can obtain 25 PECs (17 Σ and Δ and 8 Π), obtained in Ref [13] , which is the best calculation available in the literature. Because more experimental PECs are obtained, larger active spaces are needed to obtain the corresponding theoretical PECs. The active space (9a g , 3b 3u , 3b 2u , 1b 1g , 9b 1u , 3b 2g , 3b 2u , 1a u ) is used to obtain up to twentytwo Σ and Δ states, and the active space (5a g , 5b 3u , 5b 2u , 1b 1g , 5b 1u , 5b 2g , 5b 2u , 1a u ) is used for twenty Π and Φ states. Figures 1 and 2 show the PECs obtained.
Comparison of the Spectroscopic Constants Obtained by Various Methods. The quality of the theoretically calculated PECs can be tested either by directly comparing them with the experimentally determined PECs or by indirectly comparing the spectroscopic constants calculated from the theoretical PECs with the observed ones. We first consider the comparison of the spectroscopic constants. In Table 2 , the spectroscopic constants obtained from the PECs of this work are compared with the values obtained by Jasik and Sienkiewicz 13 using the ECP/CPP method and with the experimental values. (The references for the experimental data are not provided in the table. Please refer to Ref. [13] ). In Figure 3 , the errors in the calculations of R e , D e , and T e by the all-electron ab initio and ECP/CPP methods are compared with the experimental data. It is observed that the ECP/CPP method produces better results than the allelectron ab initio calculations except for the three states 1
, and 1 3 Σ g + for D e . Considering that the orbital exponents of the matching basis set for the ECP/CPP method are the only adjusted parameters to yield the experimental values of the energy of the states in the dissociation limit, the impressive achievement of the ECP/CPP method indicates that the core electron correlation and polarization effects are properly accounted for in the effective core potential and core polarization potential. The equilibrium bond distances, R e , calculated by the all-electron ab initio calculations are longer than those of the experimental values. The differences are mostly less than 0.04 Å except for 2 . Although the errors in T e are within the acceptable range for this kind of calculation, the errors are still ten times larger than our recently obtained results for HeH. 4 Apart from the large magnitude of the errors, the sign of the errors in T e is a problematic aspect. Errors with this sign cannot be diminished by increasing the size of the Rydberg (or diffuse) basis set. The values of T e are already lower than the experimental values and the additional Rydberg basis functions lower the energy of a state more as the state is more highly excited. This kind of problem was previously observed 4 but was ignored because of the small size of the negative values of errors. However, the size of the errors here is too large to be ignored. This problem will be discussed in the next section.
The comparison of the PECs of this work are made with those reported in Ref. [13] and the experimental PECs obtained by the Rydberg-Klein-Rees method, 20 the inverted perturbation approach method 21 and the direct potential fit. , and thus cannot be improved by increasing the size of Rydberg basis set. Overall, the all-electron ab initio MRCI method currently available is insufficient for the lithium dimer. Efforts to further improve the accuracy of this method have failed with the current version of MOLPRO. Table 3 provides a clue to this failure. According to the table, only 52% of the electron correlation energy is attained for the ground state of Li by the MRCI method with the largest correlated basis set (AV5Z for Li), while 99.4% of the electron correlation energy is attained by the same method (with the AV6Z basis set) for He. 
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) of the Li 2 + ion core. The large polarizability of the ion core means that the electron correlation is larger in the ground state than in the excited state. This causes the previously described problem of smaller calculated excitation energy than the experimentally observed excitation energy.
The above result indicates that there is a limit to the accuracy we can achieve with all-electron ab initio calculations. In contrast to all-electron ab initio calculations, the current effective core potential method incorporated with the core polarization potential (ECP/CPP) yields results that more closely agree with experimental values. Moreover, the ECP/CPP method reduces the number of participating electrons and thus allows us to calculate higher states. This method is thus more appropriate for the study of Rydberg states. We used this method to study the Rydberg states of 1 Π u symmetry, for which numerous experiments have been performed. 15, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] Several ambiguities are present in the interpretation of the experimental data for the states lying higher than the third member of this symmetry, and theoretical calculations are thus highly anticipated.
15 Two theoretical studies were conducted on these states but these are not published yet; one is presented in a Ph.D. thesis, 39 and another is presented as a poster, 40 available on the internet. Both studies are incomplete. The latter study is known to produce better results than the former. The present work may be considered as an extension of the latter study. The main extensions to the methods are the use of different active spaces in a different range of internuclear distances, and the use of several basis sets if they are needed in order to obtain the convergence of the results.
We used the ECP/CPP and the associated valence basis set, as obtained by the Stuttgart/Koen group, 14 known as ECP2SDF with the dipole polarizability α D and the cutoff parameter δ, given by 0.1915 and 0.831 in a.u., respectively. The associated valence basis set known as CC-PV5Z, which is composed of 4s, 4p, 4d, 3f, and 2g functions, is only available by private communication with Stoll. Because this basis set is only good for atomic states up to n = 2 Li, Jasik and Sienkiewicz added three s, three p, and two d core functions and two s, two p, and two d diffuse orbitals. Let us call this set as the JS set. This set is composed of (9s, 9p, 8d, 3f, 2g) functions. With this basis set, errors in the energies of the 2s, 2p, 3s, and 3p atomic Li states compared with the experimental data are less than 8 cm , as shown in Table 1 of Ref [13] . Note that the Li atom has only one electron in the ECP/CPP method, and the states can be labeled with the atomic orbital notation.
For a better representation of the 3d and n = 4 states, a larger basis set is required. Two larger basis sets have been used so far. One set, composed of (27s, 17p, 14d, 6f, 2g) functions, is developed by Gadea's group. 41 The other set, developed by Jasik and Sienkiewicz, 40 is an extension of the JS set to (12s, 12p, 12d, 10f, 2g) functions. For the calculation of the Π and Φ states, the newly added core functions are not necessary and can be omitted without affecting the results. With this consideration, the extended JS set is downsized to (10s, 10p, 10d, 5f, 2g) functions. In case of the set developed by the Gadea group (referred to hereafter as the GA set), errors in the energies of the Li atomic states are less than 6 cm −1 only up to the 5p orbital, while errors in the case of the extended JS set are less than 9 cm −1 up to the 4s orbital. For the 4p and 4d levels, the errors are 24 and 190 cm −1 , respectively. Although the GA set gives better results, its size is larger than that of the extended JS set. The set where the diffuse functions of the extended JS set are replaced by the corresponding functions of the GA set gives an error of less than 8 cm −1 up to the 5s level while keeping its size small. Let us call this combined set as the JSGA set (in order to get the JS, GA, and JSGA sets, please refer to the supplementary material). Although the JSGA set yields good results for the atomic energy levels, MRCI calculations with the set are numerically unstable in the chemical bonding region. The extended JS set is used in the bonding region instead. Therefore, two different basis sets are used at different ranges of internuclear distance R.
If the number of states in the state-averaged calculation is as large as twenty, the numerical stability is highly susceptible to the choice of active spaces. Numerical stability is acquired in the active space (2a g , 7b 3u , 7b 2u , 2b 1g , 1b 1u , 4b 2g , 4b 2u , 1a u ) at 4.6 a 0 ≤ R ≤ 11 a 0 for the extended JS set for the twenty state-averaged calculations composed of four, eight, four, and four states of
Π g , and
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Π u symmetries, respectively. The energies of these 20 states are not further lowered after adding the (3p, 4d, 5f, 3g) Kaufmann basis functions to the extended JS valence set (see the supplementary material for the used Kaufmann basis set). For the range of R smaller than 4.6 a 0 , the calculation becomes unstable. It is stabilized with the Kaufmann set (3p, 4d, 5f, 2d) in the 4.0-4.4 a 0 range of R and with the Kaufmann (3f) function in the 3.2-3.8 a 0 range of R. The PECs obtained from these two calculations are combined to obtain the PECs at R < 4.6 a 0 . These PECs connect smoothly to the PECs at R ≥ 4.6 a 0 and are used for the calculation of the QDCs. Because convergence cannot be confirmed, caution should be taken in using the PECs at R < 4.6 a 0 . The spectroscopic constants can be obtained without including this unguaranteed range of R. Figure 4 shows the PECs of the lowest seven 1 Π u states and one 
where U 2l′nlλ (R) denotes the PECs for the states belonging to the Rydberg series, either 2snpλ or 2pnpλ, and U Figure 4 . The PEC U + (R) used here is obtained by using the same ECP/CPP method and basis set used in the study reported in Ref. [43] . The active space used is (4a g , 2b 3u , 2b 2u , 4b 1u , 2b 2g , 2b 3g ). Twelve state-averaging MRCI calculations are performed. Table 4 show the spectroscopic constants of the Li 2 + ion calculated from the PECs thus obtained. Figure 5 shows the QDCs obtained using these PECs with principal quantum numbers n = (2, 2.88, 3, 3, 4, 4, 4, 4) in ascending order of the energies of the states at the dissociation limit. Note that the 2p2p 44 thus, these are of no interest. However, the behaviors of the QDCs in the chemical bonding region are difficult at first to understand because the QDCs belonging to npπ 1 Π u (n = 3-5) are not the same in the range of small R values, which is the Rydberg region where the QDCs belonging to the same Rydberg series are expected to converge into a single curve. Deviation from the expected behavior is due to the perturbation. According to the frametransformed multichannel quantum defect theory (MQDT), the electron motion is decoupled from the molecular frame at large R values. The electron moves in the average field produced by the electric charge distributions of either the X 2 Σ g + or 1
1 Π u states of the Li 2 + ion. Figure 6 shows the QDCs obtained by assuming that all eight states are converging to the 1 2 Π u state of the Li 2 + ion. In other words, they are regarded as a Rydberg series of the type 2pnlλ (λ = 1 and 3). Πu. It is partially obtained, and its accuracy cannot be guaranteed because it can be found only in a few cases so that no further reduction in error is possible. The PEC is obtained by using the extended JS set augmented with the (3p, 4d, 3f) Kaufmann functions. The principal quantum number of all eight states is taken to be the same (2) . The similarity of all the QDCs in the chemical bonding region indicates that all the states behave like the same member of the Rydberg series. This means that all are strongly coupled with the interloper and behave in the same way as the interloper. This signifies that all the eight states are strongly perturbed. The extent of the perturbation is large, covering ranges of energy wider than 2000 cm . Perturbation due to an interloper and its effect on the autoionizing Rydberg series has been extensively studied in atomic systems. But, for molecular systems, the study of the effect of an interloper on the Rydberg series is limited only to a few systems. In the case of perturbation to the Rydberg series of a H 2 molecule converging to the (v + = 0 and N + = 2) limit because of the interlopers 7pπ v = 1 and 5pπ v = 2, 45, 46 the extent of the perturbation is quite limited (less than 10 cm ) of perturbation in the observed spectra in the neighborhood of the interlopers is due to the coupling between the two interlopers. Here the extent of the perturbation is larger than 2000 cm + ion as shown in Figure 7 . If there were no interlopers, the QDCs of all the members of the 2snpπ Rydberg series would come together into a single curve in the Rydberg region (small R region) and would have positive values. Actually, they go down, reach a minimum at n = 3, and then rise again as seen in Figure 7 . That is, the minima of the QDCs of the 2snpπ Rydberg series vary as −0.30, −0.98, −0.71, −0.44 as n varies from 2 to 5. The variation of the potential minima reveals that the perturbation is strongest at n = 3.
In contrast to the rapid change in the npπ Rydberg series, the 3d and 4d members of the ndπ Rydberg series remain almost unchanged though their values in the Rydberg region are extraordinarily large in magnitude. This means that they are strongly perturbed by the interloper, but the perturbation acts almost identically for both the 3d and 4d members. As can be seen in Figure 5 , the behaviors of the nfπ Rydberg series cannot be characterized with certainty. There are two segments of the QDCs corresponding to the 4fπ member. One segment of the QDC is shown by the thick dotted line at small R values, and the other segment is at R > 12 a 0 . The two segments are not smoothly connected, presumably because of the error due to the numerical instability in the calculations. However, it may be assumed that the 4fπ member behaves similarly to, but lies lower than the QDC of the ndπ series. Overall, we have a system of very strong lmixing, including p, d, and f orbitals. This kind of l-mixing is theoretically possible but rarely encountered, in contrast to the most common s-d mixing.
Using these QDCs, diabatic PECs can be constructed as shown in Figure 8 . Then, with these diabatic PECs, the QDCs converging to the 1 2 Π u state of the Li 2 + ion can be constructed as shown in Figure 7 . Using these QDCs, the Lu-Fano plot 47 can be drawn as shown in Figure 9 . The LuFano plot clearly shows the rapid change of the QDCs in the neighborhood of the perturber. Members of the series are separated into two groups: appearing before and after the interloper. Therefore, quantum defects undergo a rapid change around the interloper, with those of the interloper lying in the middle. It may be worthwhile performing MQDT calculations with the diabatic QDCs. 48 Such calculations are beyond the scope of this paper and will be performed in future.
Calculations of the Spectroscopic Constants of the 37 Table 5 shows the experimental spectroscopic constants of 3 There is also the assignment problem for 4 1 Π u . In Ref. [15] , the dissociation product of this state is assigned as (2s+3p), while it has been assigned as (2s+3d) in other studies. This work supports the latter assignment. For 5 1 Π u and 6 1 Π u , the agreements between the theoretical and experimental values reported in Refs. [35] and [36] are very good. However, for the dissociation product of 6
36 to (2s+4p). 15 The assignment was probably changed to group the three newly found states together with D Another assignment issue is raised in Ref. [15] with regard to the state assigned here as 7 
Results and Discussion
The lithium dimer has drawn an enormous amount of attention from experimentalists and theoreticians. Because of the easy accessibility of excited states by single-and twophoton visible dye lasers, extensive experimental data are available. The lithium dimer is also the smallest bound homonuclear molecule beyond H 2 , and accurate quantum chemical calculations are possible. Strangely, all-electron ab initio calculations have rarely been used for this molecule; most theoretical calculations are performed using the ECP/ CPP method. In this work, calculations using an all-electron ab initio method, augmented with the Kaufmann basis functions, were performed. A comparison of the all-electron ab initio results with those of ECP/CPP calculations and with the experimental data revealed the deficiency of the allelectron ab initio method. The deficiency is related to the mere 51.9% attainment of electron correlation for the ground state by the MRCI method. The percent attainment of electron correlation for the first excited state is slightly better than that for the ground state, indicating that the agreement of theoretical values with the observed ones cannot be improved by increasing the size of the Rydberg basis set.
We applied the Kaufmann basis method to the ECP/CPP method in order to obtain accurate, convergent PECs for the although it is the highest energy state at the dissociation limit. Because of this reversal in the order of energies, it crosses all the other states correlated to Li(2s) + Li(n = 4). Using the PECs, quantum defect curves (QDCs) were calculated both for the X 2 Σ g and 1
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Π u states of the Li 2 + ion in order to examine the series-series interaction of the 2snpπ and 2pnpπ Rydberg series. The QDCs obtained by assuming the convergence of all eight states to the 1 2 Π u state of the Li 2 + ion with the same principal quantum number 2 showed similarities in the chemical bonding region, indicating that all the states behave just like the same member of the Rydberg series. This means that all are strongly coupled with the interloper and behave in the same way as the interloper. The extent of the perturbation is large, covering ranges of energy larger than 2000 cm . The QDCs were also used to resolve assignment problems in the literature. Using our results, the assignment problem existing for the 1 Π u states in the literature is re-examined. Jedrzejewski-Szemek et al. 15 assigned the dissociation product of this state as (2s+3p), while others assigned it as (2s+3d). Jedrzejewski-Szemek et al. changed the assignment of the dissociation product of 6 1 Π u from the original (2s+4d) to (2s+4p), probably to group the three newly found states into one single Rydberg series. This grouping is based on the values of the quantum defects. The newly grouped states have very close values of quantum defects around −0.84. They are assigned to the 2snpπ Rydberg series. Actually, it may be more natural to assign this Rydberg series as a 2sndπ series, as discussed in the previous section. With this reassignment of their Rydberg series from 2snpπ to 2sndπ, their assignments for the D 1 Π u and 6 1 Π u states are now restored to the previous assignments (2s+3d) and (2s+4d), respectively. Another assignment issue raised in Ref. [15] is the state assigned here as the 7 1 Π u state, correlated to the Li(2s) + Li(4f) limit, or simply as 4f 1 Π u . This state is assigned as 5p 1 Π u by Ross et al. 38 mainly because of the value of −5.06 of the effective quantum number of this state. As seen in Figure 5 , it may be acceptable for the quantum defect of 4f 1 Π u to be around −1. This unusual value of −5.06 is due to the strong perturbation caused by the interloper 2p2p 
